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Abstract
Recent advances in the Langlands program shed light on a vast area
of modern mathematics from an unconventional viewpoint, including
number theory, gauge theory, representation, knot theory and etc. By
applying to physics, these novel perspectives endow with a unified ac-
count of the (integer/ fractional) quantum Hall effect. The plateaus
of the Hall conductance are described by Hecke eigensheaves of the
geometric Langlands correspondence. Especially, the particle-vortex
duality, which is explained by S-duality of Chern-Simons theory, cor-
responds to the Langlands duality in Wilson and Hecke operators.
Moreover the Langlands duality in the quantum group associated with
the Hamiltonian describes fractal energy spectrum structure, know as
Hofstadter’s butterfly. These results suggest that the Langlands pro-
gram has many physically realistic meanings.
1
1 Introduction
Ramanujan’s finding on automorphic forms is crucial to modern number the-
ory. Around 1916, he calculated the expansion coefficients an of the following
infinite series.
q
∞∏
n=1
(1− qn)2(1− q11n)2 =
∑
n=1
anq
n. (1)
About 40 years later, Eichker proved that there is a profound correspondence
between the automorphic form above and the elliptic curve defined on Q
y2 + y = x3 − x. (2)
Astonishingly, for bp = p+ 1−# (points of (2) mod p), the equation
ap = bp (3)
is true for any prime p. It is the Langlands program [1] that connects these
dualities from general viewpoints of mathematics. In the Langlands pro-
gram, the correspondence between automorphic forms and elliptic curves are
all about the correspondence between the eigenvalues of Hecke operators and
Frobenius operators, namely ap and bp are eigenvalues of Hecke and Frobenius
operators respectively. The Langlands program can be interpreted geomet-
rically [2, 3, 4], and the geometric Langlands correspondence foresees many
nontrivial aspects of gauge theories. From a perspective of geometry, in a
simple case, this is achieved by considering a gauge theory on a Riemann sur-
face, and a Hecke operator modifies the given principle bundle at a singular
point so that the 1st Chern-number jumps at the singularity, as a vortex or a
monopole operator do, and a Frobenius operator is analogous to a holomony
operator, like a Wilson loop [5, 6, 7].
The aim of this article is to endow it with physical meaning. In a seminal
piece of research made by A. Kapustin and E. Witten [6], they predict the
electric magnetic duality and mirror symmetry are intimately related to the
geometric Langlands correspondence. While there are many relevant works
[7, 8, 9, 10], what would follow in view of non supersymmetric physics had not
been known. In this work, we address the quantum Hall effect and enjoy the
panoptic picture of the quantum Hall effect drawn as a natural consequence
of the Langlands program. One can seek a cue from the Langlands/GNO dual
group to understand the connection with the quantum Hall effect and the
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geometric Langlands duality. In electric-magnetic duality, Dirac monopoles
and Dirac’s quantization condition explain the dual group LG of a general
Lie group G from a perspective of physics [11]. The quantization condition
of the Hall conductance is understand in a similar manner.
More concretely, what we address in this article is
1. Integer quantum Hall effect (IQHE)
2. Fractional quantum Hall effect (FQHE)
3. Hofstadter’s butterfly
First of all, what is common in these three is that they are described by the
S-duality like picture, as often discussed in gauge theory. They may look
different at first sight, however, the Langlands philosophy connects them all
eventually. The two dimensional IQHE shows the typical Hall conductance
σxy classified by integers (figure 1). σxy is given by the sum of the Chern
Figure 1: Integer dependency of the Hall conductance
numbers1 of the U(1)-bundles, associated with the energy bands below the
Fermi level, on the Brillouin zone (BZ) [12, 13]. The plateau regions clearly
explains the existence of flat connections forming D-modules, which turn
out to be Hecke eigensheves. And quantum jumps in the conductivity are
naturally described by the Hecke modification. The Hall conductance σ
which accompanies the Chern-Simons action and q-parameter accommodates
1In this article, we will often call the 1st Chern number of a U(1)-bundle as its Chern
number since we focus on two-dimensional physics. When we say Chern numbers, it means
we consider many U(1)-bundles.
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σ in such a way that q = exp(σ). The duality of Chern-Simons theory induces
flipping q →L q = exp(−1/σ) which suggests the IQHE-FQHE duality. This
is how the Langlands/S-duality unites the IQHE and the FQHE.
Secondly, it is important to recall that the Hamiltonian of the IQHE is
written by the quantum group Uq(sl2) and S-duality maps it to the dual
quantum group with the dual Lq-parameter. Flipping q →L q corresponds
to the particle-vortex duality. And we explain that Hofstadter’s butterfly is
captured in this way.
A better understanding on the IQHE will also enhance comprehension
of general topological insulators (TI). Roughly speaking, TI’s are extension
of the IQHE to general gauge theories and they are classified in a similar
manner [14]. And analogous idea of the particle-vortex duality can be seen
in general ways, including supper conductors [15, 16]. While the QHE and
TI’s are well known systematically, geometric Langlands correspondence for
general cases remains a conjecture. Hence knowledge on the QHE and TI’s
will endow the Langlands program with hints for being developed.
This piece is orchestrated as follows. In section 2, we address the IQHE
and the FQHE from a perspective of the geometric Langlands correspon-
dence. In section 3, we describe the Langlands duality in the quantum group
Uq(sl2) and build a connection with the geometric Langladns duality based
on Chern-Simons theory. Hofstadter’s butterfly appears on this way.
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2 Integer QuantumHall Effect and Langlands
Program
2.1 General Setup
Throughout this article we consider the IQHE on Laughlin’s type of geometry
[17], namely a square lattice in the uniform magnetic flux φ perpendicular
to the system which has a period Ly ∈ Z in the y direction. We assume φ
is rational P/Q, where P and Q are mutually prime integers, then the Hall
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conductance σxy is quantized and there are Q energy bands. To consider
energy bands, we prefer to work on a generic tight-binding Hamiltonian
H =
∑
m,n
(
c†m+1,ncm,ne
iθxm,n + c†m,n+1cm,ne
iθym,n + h.c.
)
, (4)
where cm,n (c
†
m,n) is the annihilation (creation) operator at (m,n) site. If we
choose the Landau gauge (θxm,n, θ
y
m,n) = (0, 2πmφ), the Shcro¨dinger equation
becomes
Ψm+1,n +Ψm−1,n + e
i2πmφΨm,n+1 + e
−i2πmφΨm,n−1 = EΨm,n. (5)
We write Ψm,n = e
ikynψm(ky) (0 ≤ ky ≤ 2π) since the system is periodic
in the y direction. Under the assumption that Ly is sufficiently large, the
wave number ky = 2πl/Ly (l ∈ Z) is usually regarded as a continuous pa-
rameter. Moreover the system has a period Q in the x direction because
of the rational flux φ = P/Q, therefore Bloch’s theorem allows us to write
the wave function as ψm(ky) = e
i2πmkxum(kx, ky) (0 ≤ kx ≤ 2π/Q), where
um is periodic um+Q = um. In view of the wavenumber space or the Bril-
louin zone, the system has two periods 2π/Q and 2π in the kx and ky di-
rections respectively, hence we identify the BZ with a torus T 2BZ by gluing
its boundary. There are Q-energy bands2 and each of them is a U(1)-bundle
on T 2BZ . A U(1)-connection for the j-th bundle is given by the Berry con-
nection Aj = −i
∑Q
m=1(u
j
m
†
∂kxu
j
mdkx+u
j
m
†
∂kyu
j
mdky), where u
j
m is the Bloch
function for the j-th energy band and normalized |uj|2 =
∑Q
m=1 u
j
m
†
ujm = 1.
2.2 Hall Conductance
One of the reasons for the quantized Hall conductance σxy can described by
the Chern numbers of the fiber bundles. Let σjxy be the Hall conductance of
the j-th energy band. The well-known formula
σjxy =
e2
h
∫
T 2
BZ
d2k
2π
(
∂Ajy
∂kx
−
∂Ajx
∂ky
)
(6)
tells that the Hall conductance is given by the Chern number of the j-th U(1)-
bundle Lj. If the Berry connection aj is holomorphic on entire T 2BZ , then the
2One should be careful not to confuse the band and site indexes. Their total numbers
are the same.
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Stokes theorem implies σjxy = 0. So for σ
j
xy being nontrivial, a
j must have
a singular point on T 2BZ . At such a point, the Bloch function u
j(k) vanishes
and the Chern number corresponds to vorticity of the function [13, 18]. If
there exist many singular points, σjxy is given by the total vorticity. This
viewpoint is important for the Langlands correspondence, especially for the
Hecke modifications of bundles.
Let us generalize the statement above. Suppose the Fermi energy EF
lies in the M-th gap, and we write M states of bands below EF by u =
(u1, · · · , uM). This multiplet forms a U(M)-bundle E over T 2BZ , whose Berry
connection is given by A = −iTr(u†du). Then the Hall conductance σxy
is given by the Chern number c(E) = 1
2π
∫
T 2
BZ
Tr(dA). The famous TKNN
formula [12] tells that the total Hall conductance σxy is given by the sum of
Chern numbers c(Lj) =
1
2π
∫
T 2
BZ
dAj associated with all energy bands below
EF :
σxy =
e2
h
M∑
j=1
c(Lj). (7)
2.3 Geometric Langlands Correspondence
The geometric Langlands correspondence is a branch of the Langlands pro-
gram. There are a lot of surveys and the conjecture is partly proven [2, 3, 4].
The GL1 = C
× case3 is the simplest and established. We will focus on this
case for a while. A readable introduction is [5] whose part II will help us
greatly. Let X be a compact Riemann surface. We consider a holonomy
representation ρ : π1(X) → GL1. A famous mathematical theorem
4 guar-
anties a bijection between the set Loc1(X) of isomorphism classes of flat
GL1-bundles on X and the set of conjugacy classes of the holomony repre-
sentations. Hence, one can attach a flat connection for a given representation
ρ. (This is the same trick we define a Wilson loop.) An element of Loc1(X)
is called a local system.
Now we introduce another character of the geometric Langlands corre-
spondence. We denote by Pic(X) the set of isomorphism classes of holomor-
phic line bundles on X , which classifies the line bundles by their 1st Chern
3The compactification of GL1 = C
× = C \ {0} is U(1).
4This is true for any smooth manifoldM and any representation ρ : pi1(M)→ G, where
G is an arbitrary Lie group.
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classes:
Pic(X) =
⊔
d=0
{
L ∈ Pic(X) : d =
∫
X
c1(L)
}
. (8)
For a given x ∈ X , we consider the map, called a Hecke operator (functor),
hx : Pic(X)→ Pic(X)
L 7→ L(x),
(9)
where L(x) is the line bundle whose sections are sections of L which may
vanish at x. Under hx, the Chern number of L jumps by 1 (c(L(x)) =
c(L) + 1). One can consider a more general modification of L to L′ at N -
tuple of points (xi), i = 1, · · · , N so that c(L′) = c(L) +N .
What the geometric Langlands correspondence expects is that for a given
flat GL1-bundle E on X , there exist a unique D-module FE on Pic(X) associ-
ated with the modification hx. This correspondence is proven by P. Deligne.
The general conjecture of the Langlands correspondence for a Lie group
G can be stated as follows. We denote by LG the Langlands dual group of G.
If G = GL1, then its dual is isomorphic to GL1. The set LocLG(X) of local
systems is again identified with the set of conjugacy classes of representations
ρ : π1(X) →
LG. And Pic(X) is generalized to the moduli stack BunG(X)
of principle G-bundles on X . So the geometric Langlands correspondence
implies that for a given flat LG-bundle E on X , there is a unique D-module
FE , called a Hecke eigensheaf, defined on BunG(X) associated with the Hecke
modification.
2.4 Hecke Eigensheaf, Landau Level, and Anderson
Localization
In this section we give a physical explanation about Hecke eigensheaves. The
sections 4.3∼4.5 in [5] will be helpful for more information. For this purpose,
we physically interpret a sheaf. We are interested in a sheaf S = (S, π, B)
whose fiber Sp = π−1(p), p ∈ B is a vector space. The dimension of fibers
may differ at points. A standard example is the skyscraper sheaf O(x), which
is a sheaf supported at a single point x ∈ B. How will they come into play
in our story? First of all, sections of our sheaf are wave functions and the
base space is the Riemann (complex energy) surface [19, 18]. In comparison
with the Landau levels, our sheaf can be visualizable as follows.
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Figure 2: Landau level (left) and sheaf (right)
On the left side of the figure 2, the blank zones between the Landau levels
show there are no eigenstates of the Hamiltonian, and the only states living
in the Landau levels contribute to the quantum Hall effect. On the right side,
the eigenstates forms bundles on the complex energy surface and the other
states vanish. So the set of ”complexified” Landau levels can be recognized
as a sheaf
⋃
iO(Ei).
Now we are ready to explain Hecke eigensheavs. Note that each of the
Landau levels in the figure 2 is linear, therefore only one-dimensional mo-
mentum ky is a good quantum number. So one can define the only one-
dimensional Berry connection Aky . Hence we may regard it as a flat con-
nection5 on T 2BZ , by setting Akx = 0. A Hecke eigensheaf on Pic
0(X) ={
L ∈ Pic(X) : 0 =
∫
X
L
}
is a D-module of such flat connections. Of course
this is not the whole story. Actual energy bands are ”wavy” as shown with
pictures in [18, 19], and the wavy parts possess nontrivial Chern numbers.
This is the mechanism of Hecke modifications L → L(x) = L ⊗ O(x), x ∈
T 2BZ .
Moreover the existence of plateaus in the figure 1 can be described by
Hecke eigensheaves as shown in the figure below. If there exist impurity
potentials in the system, wave functions localize around the potentials (in
the real space). This phenomenon is called the Anderson localization [20].
As a result, each of the Landau levels becomes wide. However, the localized
5This flat connection, which is a Berry connection of U(1)-bundle, is a different one we
used for a Wilson loop W : pi1(T
2
BZ
)→LU(1).
8
wave functions do not carry non trivial Chern numbers and only the extended
wave function living in the original Landau level contributes to the Hall
conductance [17]. This is why the Hall conductance has plateaus. In the
language of the geometric Langlands correspondence, this can be explained
by saying that the Berry connections associated with those localized wave
functions are flat, and hence they form a D-module.
Figure 3: Hall conductance and Hecke eigensheaves
2.5 Duality, Hecke operator, and K-theoretic view
Algebraically, a vortex operator for G is defined by a homomorphism ̺ :
U(1) → G, which is classified by highest weights of the dual group LG
up to conjugation. We write it in the most general way as ̺ : eiα →
diag(eim1α, · · · , eimMα), where Lw = (m1, · · · , mM) is an M-plet of integers
with m1 ≥ · · · ≥ mM , which is a highest weight of LG = U(M). As we have
already seen, we obtain decomposition of the U(M)-bundle E into the sum
of line bundles ⊕Mi=1Li. Let ki be a singular point of Li. The vortex operator
V (Lw) acts on Lj as V (Lw) : Li → Lj⊗O(kj)mj , where mj is vorticity at kj .
In other words, it changes the Chern number c(Lj) by mj . The total Hall
conductance σxy is the total Chern numbers of this system σxy =
∑M
j=1 σ
j
xy,
which is the total vorticity of the system, in other words.
By the way, the classification of vortex operators or Hecke operators is
exactly the same as that of effective Hamiltonians. So far we have neglected
contribution from conduction bands, and from now we suppose there are N
conduction bands andM valence bands. So this system has U(M+N) gauge
group in general. Then effective Hamiltonians of the quantum Hall system
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is classified by the Grassmannian GrM,M+N = U(M + N)/U(M) × U(N)
from the K-theoretic perspectives [14]. In terms of the geometric Langlands
correspondence, the Hecke operators are classified as follows. Let M,M′ ∈
BunG be principle G = U(M + N) bundles on a Riemann surface X such
that M ⊂ M′ and M′/M ≃ O(x)M , where x ∈ X . As discussed, the
Hecke operators modify the G-bundle M to M′ at this singular point x,
and it is known the space of such modifications is parametrized by points in
GrM,M+N . (One may discover extra value in mathematical explanations [5]
or in physical explanations [6, 7]).
2.6 Chern-Simons Theory, S-duality and Mirror Sym-
metry
Quantum Hall Effect has common description based on Chern-Simons the-
ory, therefore it is meaningful to give some comments on the relation with the
Langlands duality. We consider 2+1-dimensional system which is parametrized
by x = (x0, x1, x2), where x0 stands for the time-direction and x1, x2 repre-
sent the space-directions. We may regard our system is product of R and a
torus T 2 since our physics on the two dimensional space we have considered
so far is periodic in the x and y directions respectively.
Let A be the background gauge filed of electromagnetism. The integer
Hall conductance σxy =
k
2π
is described by the Chern-Simons action
SCS =
∫
d3x
k
4π
ǫµνρAµ∂νAρ, (10)
whose U(1)-current is
Jµ =
∂S
∂Aµ
= kǫµνρ∂νAρ. (11)
Especially this is nothing but the Hall current if one takes µ = x1, and the
level k corresponds to the bulk Hall conductance.
The duality in quantum Hall effect that acts on the filling fraction ν can be
understood as S-duality that acts on the inverse level ~ = 1/k, which needs
to be analytically continued away from integer values in order for the quality
to be meaningful. When level k is integer, the Langlands/S-duality formally
maps q = exp(2πik) to Lq = exp(2πi/k). Continuing q away from roots of
10
unity is naturally accommodated in the complex Chern-Simons theory, which
now indeed enjoys Langlands/S-duality [21].
This duality describes the particle vortex duality [22, 16] and the geo-
metric Langladns correspondence is easily understood. As we discussed in
section 2.3, the geometric Langlands correspondence states the duality be-
tween a Wilson loop and a Hecke operator. The Hecke operator corresponds
to the vortex operator, which picks up the Chern number associated with the
bulk Hall conductivity. To find the corresponding Wilson loop, we consider
an anyon, which is a quasi-particle with magnetic flux.
The Landau level filling factor is defined by
ν =
The number of electrons in the system
The number of flux quanta passing through the system
. (12)
So ν is equivalent to the ratio of the number of electrons ne and flux quanta
φ per placket. If ν = 1/k there are k flux quanta per electron. We may
simply regard it as φ = k and ne = 1. The integer quantum Hall effect
ν = k case can be regarded as (φ, ne) = (1, k) or (φ, ne) = (1/k, 1). If one
prefers the former perspective, the duality (ν, φ, ne)→ (1/ν, ne, φ) is similar
to electric-magnetic duality as we see below soon. When one chooses the
latter, the duality ν → 1/ν along φ→ 1/φ makes sense. This perspective is
crucial for the duality in Hofstadter’s butterfly as we discuss latter.
We first investigate the case where ν is an integer (the Integer Hall effect)
and will treat the fractional case latter. The modular group SL(2,Z) acts
on the complex Hall conductivity σ = σxx + iσxy in such a way that
S : σ → −
1
σ
(13)
T : σ → σ + 1 (14)
So, with respect to q = exp(2πσ) and Lq = exp(−2π/σ), the particle-vortex
duality at σxx = 0 in the integer quantum Hall system (σxy = ν = k) simply
reads to q →Lq. Especially, on the plateau regions, where gauge connection
is flat, the equation σxx = 0 holds [23, 24] and the S-duality agrees with the
Langlands duality of Wilson and Hecke operators.
Let ν = k, which means an unit flux φ0 is attached to an electron.
The corresponding Wilson loop appears as an Aharonov-Bohm (AB) phase.
Namely, the vector filed α which generates imaginary and negligibly thin
magnetic flux attached to each electron should satisfy ∇ × α = 0, however
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an electron moving around φ0 feels the vector potential and gains the phase
exp(i2πφ0). From this picture, another way to understand a Hecke operator,
which is dual to the Wilson loop, is obtained as follows: the flux φ0 moving
around ne = k electrons picking up the dual AB phase exp(i2πkφ0). This
corresponds to the Hecke operator we discussed before as the vortex operator
which pics up the Chern number associated with the Berry curvature. When
we consider the vorticity, the location of the vortex depends on our gauge
choice, however the former perspective of the AB-phase allows us to look the
system in a gauge invariant way. By the way, this S-duality can be under-
stood as so-called the particle-vortex duality and is consistent with the phys-
ical understanding of the geometric Langlands correspondence as electric-
magnetic duality. By S-duality ν → 1/ν, the Wilson loop and the Hecke
operators are exchanged and the Wilson loop has the phase exp(i2πkφ0).
Therefore the geometric Langlands correspondence suggests the duality of
the IQHE and the FQHE.
The geometric Langlands correspondence is accompanied by the Lang-
lands dual group LG of a given gauge group G. In our case G = U(1) and
hence LG = U(1). The ν = 1/k Laughlin state have an emergent U(1) gauge
field a, which is a global symmetry and dual to the background U(1) gauge
filed A. We begin with the Lagrangian
L[a] = −
k
4π
ǫµνρaµ∂νaρ (15)
This Lagrangian can be generally written as
LCS =
∑
i,j
ki,j
4π
Ai ∧ dAj, (16)
ki,j is known as the K-matrix. The S-duality is achieved by adding an off-
diagonal part 1
2π
ǫµνρAµ∂νaρ to the Lagrangian (15)
L[a]→ L′[A] = L[a] +
1
2π
A ∧ da. (17)
Integrating out a from L′[A], we obtain
L[A] = −
1
4πk
ǫµνρAµ∂νAρ. (18)
Immediately, we can see the Hall conductance σxy is proportional to 1/k.
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Mirror symmetry and Chern-Simons theory is discussed in [21], and here
we leave a short summary which connects our perspective above. A central
architecture in the study of Langlands/S-duality is Hitchin’s moduli space
M(G,C), which is the classical phase space of (G) Chern-Simons theory
on a 3-manifold with a boundary Riemann surface C. If one consider the
complexification of G which we denote by GC (e.g. G = SU(2), GC =
SL(2,C)), then M(G,C) is equivalent to the space M(GC, C) of flat GC
connections on C. The S-duality maps Mflat(GC, C) to Mflat(
LGC, C) and
indeed they are a pair of mirror symmetry [25]. The particle-vortex duality
can be described by the Landau-Ginzburg theory and, in supersymmetric
situations, its analogue is referred to as mirror symmetry. Therefore, as
long as we focus on the Langlands correspondence, the S-duality picture we
have discussed in this work would be essentially same as the S(or T )-duality
picture discussed in [6, 7] as mirror symmetry.
3 Hofstadter’s Butterfly and Langlands Du-
ality of Quantum Groups
Now we see that the Langlnads/S-duality also enhance our understanding on
a different aspect of the quantum Hall effect. As we discussed, ν is equivalent
to the ratio of the number of electrons ne and flux quanta φ per placket. If
ν = 1/k there are k flux quanta per electron. We identify it with φ = k
and ne = 1. The integer quantum Hall effect ν = k case can be regarded as
(φ, ne) = (1/k, 1). The duality (ν, φ) → (1/ν, 1/φ) is crucial for the duality
in Hofstadter’s butterfly. On the q-parameter level, it states the duality
between theories with q and Lq. As a well-known subject, the Hamiltonian
(4) of the integer quantum Hall effect can be written by use of the quantum
group Uq(sl2) [26] and the Langlands duality of the quantum group endows
with novel perspective on its fractal energy spectrum structure, known as
Hofstadter’s butterfly [27].
It is known that this fractal spectrum is generated by the maps
(φ,E)→ (φ+ 1, E)
(φ,E)→ (1/φ, f(E)),
(19)
where f is a some function. In [28], this duality is described by a quantum
geometric viewpoint and they relate the butterfly with the energy spectrum
13
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Figure 4: Fractal energy spectrum, called Hofstadter’s butterfly
of relativistic Toda lattice. Tough the duality works for general φ, we consider
rational φ = P/Q to consider the butterfly (P and Q are co-prime). Now,
our q-parameter is q = exp(i2πφ). The duality is understood by the formula
Pφ(E) = P1/φ(E˜), E˜ = f(E). (20)
A generic tight binding Hamiltonian we are interested in is
H =
∑
m,n
(
c†m+1,ncm,ne
iAxm,n +R2c†m,n+1cm,ne
iAym,n + h.c.
)
, (21)
where cm,n (c
†
m,n) is the annihilation (creation) operator at (m,n) site. When
we choose the Landau gauge Axm,n = 0, A
y
m,n = 2πmφ, it can be written as
H = Tx + T
†
x +R
2(Ty + T
†
y ), (22)
where we choose a Q-dimensional representation ρQ of Uq(sl2) = {K±1, X±}
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with q = ei2πP/Q so that
Tx = e
ikxρQ(X
+), Ty = e
ikyρQ(K)
ρQ(X
+) =


0 1 0 · · · 0
...
. . .
. . .
. . .
...
. . .
. . . 0
0
. . . 1
1 0 · · · · · · 0


, ρQ(K) = diag(q, q
2, · · · , qQ)
(23)
These operators Tx and Ty are non commutative because of the Aharonov-
Bohm phase for an electron moving around the flux:
TxTy = qTyTx. (24)
The energy spectrum consists of eigenvalues of this Hamiltonian, which is
described by the Chambers relation [29]
det(H(k, R)− E) = Pφ(E,R) + h(k, R), k = (kx, ky) (25)
where Pφ(E,R) is a polynomial and h(k, R) = 2(−1)Q−1(cos(Qkx)+R2Q cos(Qky)).
The energy spectrum displayed in Fig. 4 satisfies the equation Pφ(E,R) = 0
under the mid band point condition h(k0, R) = 0, where k0 = (π/2Q, π/2Q).
Hence the anticipated formula PP/Q(E,R) = PQ/P (E˜, R˜) implies the equiva-
lence of theQ-dimensional representation (23) of Uq(sl2) and the P -dimensional
representation of ULq(sl2), where
Lq = ei2π/φ and ULq(sl2) is the Langlands
dual quantum group of Uq(sl2) [30, 31]. We write this duality map by
S : (Uq(sl2), H)→ (ULq(sl2), H˜), (26)
where the dual Hamiltonian H˜ is given by the following P ×P matrix of the
form
H˜ = T˜x + T˜
†
x + R˜
2(T˜y + T˜
†
y ), (27)
where T˜x = e
ik˜xρP (X) and T˜y = e
ik˜yρP (Y ). Since we expect the correspon-
dence of the characteristic polynomials det(H − E) = det(H˜ − E˜), we find
R˜ = R1/φ by comparing order of R and R˜ in h(k, R) and h˜(k˜, R˜).
This is consistent with the Langlands duality of quantum groups ex-
plained by the interpolating quantum group Uq,t(sl2) [31], which is parametrized
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by arbitrary nonzero complex values q, t and generated byX±, K±1, K˜±1 such
that
KX± = q±2X±K, K˜X± = t±2X±K˜,
[X+, X−] =
KK˜ − (KK˜)−1
qt− (qt)−1
.
(28)
The interpolating property of Uq,t(sl2) appears as
Uq,1(sl2)/{K˜ = 1} ≃ Uq(sl2), U1,t(sl2)/{K = 1} ≃ Ut(sl2). (29)
By definition, Uq,t(sl2) is equivalent to the usual quantum group U̺(sl2) with
generators X±, KK˜ and the parameter ̺ = qt. Taking q = ei2πP/Q and
t = Lq = ei2πQ/P , we find ̺ = q Lq = ei2π(P/Q+Q/P ) is symmetric under
exchanging P and Q. The Langlands duality of quantum groups states that
any irreducible representation of Uq(sl2) would be t-deformed uniquely to
a representation of Uq,t(sl2) in such a way that its specialization at q = 1
gives a representation of Ut(sl2). The easiest case is P = 1 and Q = 2.
A two-dimensional representation of Uq(sl2) is dual to a one-dimensional
representation of ULq(sl2), which is equivalent to P1/2(E,R) = P2/1(E˜, R˜).
Generically, we observe that a Q-dimensional representation of Uq(sl2) and a
P -dimensional representation of ULq(sl2) are dual. This explain the formula
PP/Q(E,R) = PQ/P (E˜, R˜).
4 Finale
Now we conclude this article with some comments. We successfully under-
stand the Langlands philosophy in terms of the integer quantum Hall system.
Our discussions can be summarized in the following dictionary:
Langlands Program ↔ Quantum Hall effect
Geometric Langlands↔ IQHE/FQHE
Quantum groups’ duality↔ Hofstadter’s butterfly
This article is the first penguin for exploring topological insulators from
a viewpoint of the Langlands program, and doors for further adventures are
always open. We naively expect that many similar phenomena observed
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or expected in generic topological insulators will be addressed in the same
way as we discussed. Moreover the theory of Anderson’s localization, which
distinguishes metal-insulator transitions, is one of the essential and cross-
cutting issues in topological insulators. The key ingredients are the topologi-
cal terms (the Wess-Zumino-Witten (WZW) terms) associated with the non
linear sigma models [14]. And the geometric Langlands correspondence man-
ifests power for investigating the WZW model [5]. This suggests that math-
ematical background of topological insulators would be much more fruitful
than what it had been believed.
It is interesting to build another connection to the work done by Kapustin
and Witten [6], where N = 4 super Yang-Mills theory is essential to explain
the geometric Langlands correspondence via mirror symmetry and S-duality.
We can seek for a likely scenario in string theoretical approaches to the
quantum Hall effect (and topological insulators) [32, 33], in which the two-
dimensional quantum Hall effect is described by using theD3-brane, on which
the N = 4 supper symmetry does live [34]. Moreover a generic topological
insulator can be explained by the correspondingD-brane configuration, hence
it may attract a general interest to build more strong connections among
the geometric Langlands, topological insulators, and the supper symmetric
theory.
Finally, 3-dimensional understanding on Jones polynomials, which de-
scribes knots, is given by the Chern-Simons theory [35]. Categorufication
of the Jones polynomial is known as Khovanov homology [36, 37, 38, 39].
Its physical interpretation is also proposed by Gukov, Vafa, and Schwarz
[40] in the context of topological string theory. More recently its connec-
tion with gauge theory has been considered [41, 42, 43] and it is predicted
that the Langlands correspondence based on the N = 4 super Yang-Mills
theory plays a fundamental role to understand Khovanov homology. It is a
challenging open problem to find a physically realistic explanation about the
conjecture, since knot theory and Jones polynomial endow the FQHE with
fundamental description of anyons.
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